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Abstract. We prove the following results: let x, y be (n, n) complex matrices 
such that x, y, xy have no eigenvalue in ] — oo, 0] and log(xy) = log(x) + log(y). 
If n = 2, or if n > 3 and x,y are simultaneously triangularizablc, then x,y 
commute. In both cases we reduce the problem to a result in complex analysis. 



1. Introduction 

Z* refers to the non-zero integers. 
Let u be a complex number. Then Re(u), Im(u) refer to the real and imaginary 
parts of u; if u ^] — oo, 0] then arg{u) 6] — tt, ir[ refers to its principal argument. 

1.1. Basic facts about the logarithm. Let x be a complex (n,n) matrix which 
hasn't any eigenvalue in ] — oo, 0]. Then log(x), the cc-principal logarithm, is the 
(n, n) matrix a such that: 

e a = x and the eigenvalues of a lie in the strip {zeC: Im(z) g] — 7T, 7r[}. 

log(x) always exists and is unique; moreover log(x) may be written as a polynomial 

in x. 

Now we consider two matrices x, y which have no eigenvalue in ] — oo, 0]: 

• If x,y commute then x,y are simultaneously triangularizable and we may asso- 
ciate pairwise their eigenvalues (/J>j)', if moreover Vj, \arg(Xj) + arg(/j,j)\ < n, 
then log(xy) — log{x) + log(y). 

• Conversely if xy has no eigenvalue in ] — oo, 0] and log(xy) — log(x) + log(y) then 
do x, y commute ? We will prove that it's true for n — 2 (theorem 1) or, for all n, 
if x,y are simultaneously triangularizable (theorem 2). But if n > 2, then we don't 
know the answer in the general case. 



1.2. Lemma 1. Let x, y be two complex (n, n) matrices such that x, y haven't any 
eigenvalue in ] — oo,0] and log(x)log(y) — log(y)log(x). 
Then x,y commute. 

Proof. The principal logarithm over C \ ] — oo, 0] is one to one; thus, using 
Hermite's interpolation formula, x or y may be written as a polynomial in log(x) 
or log(y). □ 
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2. Dimension 2 

2.1. Principle of the proof. The proof is based on the two next propositions. 
The first one is a corollary of a Morinaga and Nono's result ([TJ p. 356]); the second 
is a technical result using complex analysis. 

Proposition 1. Let U = {u € C* : e u = 1 + u}. 

Let a, b be two (2, 2) complex matrices such that e a+b = e a e b and ab ^ ba; let 
spectrum(a) = {Ai, A2}, spectrum(b) = {/Ji,/i 2 }. 
Then one of the three following item is fulfilled: 

(1) Ai - A 2 G 2inZ* and m - p, 2 G 2inZ*. 

(2) One of the following complex numbers ±(Ai — A2), ±(/xi — /x 2 ) is in Li. 

(3) a and b are simultaneously similar to ( ^ .? J and [ ^ W J with A,/i£ 



A + uy ^ /u 
e « _ 1 e « _ 1 
C,m,d6C*,m^ and = ^ 0. 

M V 

Proposition 2. Let u,v be two distinct, non zero complex numbers such that 
e u - 1 e v - 1 

= ^ 0, \Im(u)\ < 2tt, |Jm(u)| < 2vr. 

it u 
Then necessarily \Im(u) — Im(v)\ > 27r. 

Proof. Assume that we can choose these u,v such that \Im(u) — Im(v)\ < 2ir. 
e u — 1 

Let A = and let / be the holomorphic function: f(z) — e z — Az — 1. 

u 

Now we show that there exists a G]0, 2n[ such that Im(u),Im(v) are in ] — a, 2it — 
a[ and / hasn't any zero with imaginary part —a or 2tt — a. 

If it's false then / admits an infinity of zeros in the strip {z : Im(z) G ] — 2ir, 2tt[}: 
Case 1: we can extract a sequence of zeros Zk such that Re(zk) — > —00; then 
/(•Zfc) ~ — Azfc, a contradiction. 

Case 2: we can extract a sequence of zeros z& such that Re(zk) —* +00; then 
/(zfe) ~ e Zfc , a contradiction. 

Let r be a big positive real such that Re(u), Re(v) are in ] — r, r[ and A be the 
rectangle {z : —r < Re(z) < r, — a < Im(z) < 2ir — a}. The oriented edge dA 
consists of four parts: hi — {x + i(2ir — a) : x from r to — r}, Vi = {—r+iy : y from 
2tt — a to —a}, h 2 — {x — ia : x from —r to r}, «2 = {r + iy : y from —a to 2n — a}, f 

1 f'( z ) 

admits in A at least three zeros: 0, u, v. Thus f„ A ' ; dz — I(f(dA),0) > 3 

' ' 2wr JdA f(z) VJy h 1 ~ 

where I refers to the index function. 

f(z+2iir)—f(z) = —\2iir\ then {f{h\), /(/12)} is in tubular form; moreover f[h\) 
and /(/12) are isometric to a parametric curve in the form {(e —at, rt) : t G [— r, r]} 
where u, r are real; we can choose a such that c, r G R*; thus for j G {1,2} 

, 1 r /'O) , , 1 

hr— A- "7TT - l-pwithp= —arctan(-). 
2nr 1 j{z) 2n a 

We can choose r,a such that f'(z) / on <9A; thus f(hi), /(/i2) intersect per- 
pendicularly and f{v2)- If z G «i and r — > +00 then /(z) = — Az — l + 0(e _r ); 
f(vi) is close to a segment of fixed direction and length. If z G v 2 and r — > +00 then 
/(z) = e 2 + 0(r); f(v 2 ) is close to an anticlockwise circle of radius e r containing 0. 
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Therefore — ( f. QQdz + f. ^4^) < 2 - 2p, — ( /" QQdz) « 0, 
2i7r Uhl /(z) J/l2 /(z) y_ P 2i7r Uvi /(z) ; 

1 f'fz) 

— (f V2 jhx dz ) ~ !; what is contradictory with 7(/(9A),0) > 3. □ 

2.2. Theorem 1. Let x, y be two (2, 2) complex matrices such that x, y, xy haven't 
any eigenvalue in ] — oo, 0] and log(xy) — log(x) + log(y). Then x, y commute. 

Proof. We assume that xy ^ yx. e log ^e log ^ = e log(x)+log(y) . uging i cmma 
1, log(x)log{y) ^ log(y)log(x); thus we may use Proposition 1; it's wcllknown 
that u E U implies that \Im(u)\ > 2ir; then, according to the logarithm def- 
inition, a = log(x) and b — log{y) satisfy item (3). Moreover the conditions 
\Im{u)\ < 2ir, \Im(v)\ < 2tt, \Im(u) — Im(v)\ < 2tt are necessarily fulfilled. Propo- 
sition 2 proves that these conditions can't be all satisfied. □ 



3. Dimension n 

I refers to the identity matrix of dimension n — 1. Let <j> be the holomorphic 
e z - 1 

function: (f> : z — > , 0(0) = 1. 

z 

Remark 1. We have shown in part 2 that if u, v are complex numbers such that 
\Im(u)\ < 2tt, \Im(v)\ < 2ir, \Im(u — v)\ < 2tt and cf)(u) = <j)(v), then u = v. 
We'll use the following to prove our second main result. 

3.1. Proposition 3. Let a = ,b = J^j be two complex (n,n) ma- 

trices where a, j3 are complex numbers and do, bo are (n— 1, n— 1) complex matrices 
which commute; let spectrum(ao— al) = {oti)i< n -i-> spectrum(bo—/3I) = (0i)i< n -i- 
If e a+b = e a e b and ab ^ ba then one of the following item must be satisfied: 

(4) 3i : ft ^ and </>(a, + ft) = 0(oi). 

(5) 3i : a t ^ 0,ft = and 0(-c*j) = 1. 

Proof. We may assume that ao, 6o are upper triangular. Let a\ — a — al, b\ = 
b — [31, w = a\v — b\u — [w\, ■ ■ ■ , w„_i] T . Thus ab ^ ba iff w ^ 0. 

Then e- = e» ^^eW^ 

e a +b = £a+ p ^ ai + bl 0(ai + 6i)(« + ^ . thcrcforc ea+fc = eVfc iff 

(6) (0(ai + 6i) - 0(oi))u = (e ai <K&i) - 0(oi + 6i))«. 

(e ai </>0i) - <^(ai + 6i))6i = (0(ai + h) - 0(ai))ai and (6) imply that (e ai 4>{h) - 
(f>(ai + b\))biv = (4>(ai + b\) — <p(a\))aiv — (<f>(ai + b\) - 4>(ai))b\u; thus 

(7) {4>(ai+bi)-4>(ai))w = 0. 

We have also e b = e~ a e a+b ; then we can prove by the same method that 

(8) {4>(b 1 )-(f>(-a 1 ))w = 0. 

There exists k such that w k ^ and if j > k then Wj = 0. Therefore (7), (8) imply 
that 4>(ak + (3k) — 4>( a k) and 4>{flk) — 4>{~ a k)] w e are done except if a k = (3 k — 0. 

Now we assume that «fe = ft = 0. (j){a\+b-\)— 4>{a\) = -b\(I+P(ai, bi)), e ai (f)(bi) — 
4>{a\ + bi) = \a\{I + P(aifti)) where P is an analytic function, defined on C 2 , 
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which satisfies P(0,0) = 0. (6) can be rewritten as (I + P(<Xi, b\))w — 0. Therefore 
(1 + P(0, Q))wk = 0, a contradiction. □ 



3.2. Theorem 2. Let x,y be (n,n) complex matrices such that x,y,xy haven't 
any eigenvalue in ] — oo,0] and log(xy) = log(x) + log(y). If moreover x,y are 
simultaneously triangularizable then xy — yx. 

Proof. We assume that x,y are upper-triangular and xy ^ yx; we prove in- 
ductivel, the for „ > 2. . . ft \), y = (» where are 



(n — 1, n — 1) upper triangular matrices which haven't any eigenvalue in ] — oo, 0] 

and A,/i G C\] — oo,0]. The matrices a = log(x),b = log(y) are polynomi- 

i • ii i • f flogixa) ? 

als m x or y, thus they are upper-triangular m form a — ' 



\ log(X)J' 

b= I ' ^^°' ' j. Thus log(xoyo) = log(xo) + log(yo); according to the recur- 



log{n); 

rence hypothesis xoyo = Z/o^o & n d then log{xo)log(yo) — log(yo)log(xQ). Moreover 
p a+b _ e a e b anc j^ f rom lemma 1, ab ^ ba. 

Now we use Proposition 3 with a = log(A),/3 = log(fx),ao = log(xo),bo = 
log(yo). Here ai,Pi,cti + Pi have imaginary parts in ] — 2-k,2tt[ and according to 
Remark 1, item (4), (5) can't be satisfied. □ 

We conclude with an easy result. 

3.3. Proposition 4. Let x,y be two positive definite hcrmitian (n,n) matrices so 
that log(xy) = log(x) + log(y). Then xy = yx. 

Proof. log(xy) exists because spectrum(xy) C ]0, oo[; a = log(x), b — log(y) are 
hermitian matrices such that e a+b = e a e b . Moreover e a+b = (e a+b )* = e b e a and 
e a e b = e b e a or xy = yx. □ 

Remark. It's wellknown that if a, b are bounded self adjoint operators on a 
complex Hilbert space, then e a+b = e a e b implies that ab = ba. ( cf. Corollary 
!])■ 

4. Conclusion 

When n — 2, we know how to characterize the complex (n, n) matrices a, b such 
that ab ^ ba and e a+b — e a e b ; it allowed us to bring back our problem to a result 
of complex analysis. Unfortunately, if n > 3, the classification of such matrices is 
unknown. For this reason we can't prove, in this last case, the hoped result without 
supplementary assumption. 
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